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Warmup: find two unrelated persons




Two unrelated persons (perhaps)

L. Kronecker D. Littlewood L. Kronecker



Kronecker & LR coefficients (the symmetric group)
A=(Ar>--->Ag > 1) partition of n = Ay +...+ Ag

Irreducible representations of S,: S* (Specht modules)

— Kronecker g(A, 1, Vv) tensor product decomposition multiplicity:
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- LR ¢}, induced multiplicity: IndgzxsnikS*L ®SY = @ CSVSA
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det[x "
Via Schur polynomials sy(x1y...,x,) := M
H/<j(xi - Xj)
say) =Y g VIsu(x)sy(y)  susv =) chys
B, v A

Important in Algebraic Combinatorics: symmetric functions, Grassmannians.

Combinatorial interpretations are known for LR but not for Kronecker.



Stanley’s problems

Theorem (Stanley (2015))

max g(A, i, v) = Vnl e OWN
A, vEn

max cﬁv = 2n/2-0Vn)
A=ny,v
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Problem (Stanley)



Largest dimension

fA = dim S (dimension of irreducible representation of S,)

= # standard Young tableaux (SYT)

n!

= ————— (hook-length formula)
[ Ter hooko

(Old) Problem: Find the asymptotics of D(n) := maxy-, f

(Bivins et al (1954), Baer-Brock (1968), McKay (1978))
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Largest dimension

Burnside-Frobenius identity:

V!
Z(f)‘)2:n! = igmaxf)‘gx/n!
p

Yo (n) = Aen
p(n) ~ ﬁe“v 2n/3 4 partitions of n

(early wrong conjectures: D(n) > +/n!/n or D(n) > +/n!/poly(n))
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Largest dimension

Burnside-Frobenius identity:

V!
Z(f)‘)2:n! = (—"'gmaxﬁgvn!
p(n

) T Akn
A-n
p(n) ~ ﬁe“v 2n/3 4 partitions of n

(early wrong conjectures: D(n) > +/n!/n or D(n) > +/n!/poly(n))
Theorem (Vershik-Kerov (1985))

/n! efl.Zgﬁ < T'_ax f?\ < /n! e—o.llﬁ
n

(Similar question) What partitions attain max dimension?



Partitions for largest (& typical) dimension

Vershik-Kerov-Logan-Shepp (VKLS) limit shape’
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A — w(x) = % x arcsin(x/2) + V4 — x2

Ay2
1pic from Romik’s book; partition sampled from Plancherel measure (fn!]




Partitions attaining largest dimension

Partitions sequence A" I n is Plancherel if

A > \/nl eV

Theorem (Logan-Shepp (1977), Vershik-Kerov (1985))
Every Plancherel sequence has VKLS limit shape.

Gave solution to Ulam’s problem on longest increasing subsequences, A1 ~ 2+/n.



Max Kronecker are Plancherel

Theorem (Pak-Panova-Y.)

(i) g\ u,v) = Vnl e OWn — A, W, v Plancherel
(i) ¥ Plancherel A, 3 Plancherel v: g(A, 1, v) = v/n! e 97
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Proof idea:

Y =3 g v)F
A

> e\wv)P =) za=nl(1+0(1/n))

Ay, vEn atn

(z« centralizer size.) Plus the bound: g(A,u,v) <



Max Kronecker are Plancherel

Theorem (Pak-Panova-Y.)

(i) g\ u,v) = Vnl e OWn — A, W, v Plancherel
(i) ¥ Plancherel A, 3 Plancherel v: g(A, 1, v) = v/n! e 97

Proof idea:
Y =Y g\ v)f
A

> e\wv)P =) za=nl(1+0(1/n))

Ay, vEn atn

(z« centralizer size.) Plus the bound: g(A,u,v) <

Vanishing: 3 f* = nl®W 1 v — \/nle OV st g(A,pn,v) =0.
Follows from Dvir's theorem.

Conjecture. A, 1, v Plancherel = g(A, p,v) = v/l e 9



Max LR coefficients

Theorem (Pak-Panova-Y)

o\ 12 s o\ 12
—d+/n A
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Max LR coefficients

Theorem (Pak-Panova-Y)

o\ 12 s o\ 12
e A
< max Cuy <
(k) Akn, pek, ven—k *Y T (k>

In fact,

n
D = <k>
AFn,ukk,vn—k



Max LR attained on Plancherel

Theorem (Pak-Panova-Y)
(i) ¥ Plancherel N\ & n 3 Plancherel ut k =n6, v n(1—0):

%
A _<k) e~ OV

(ii) Similarly, ¥ Plancherel \,v 3 Plancherel A ...
(iii) ¥ Plancherel A, 3 v (with VKLS limit shape):

1/2
v = /n! efo(nz/3 log n) Cﬁv _ (Z) 870(n2/3 log n)



Max LR attained on Plancherel

Theorem (Pak-Panova-Y)
(i) ¥ Plancherel N\ & n 3 Plancherel ut k =n6, v n(1—0):

%
A _<k) e~ OV

(ii) Similarly, ¥ Plancherel \,v 3 Plancherel A ...
(iii) ¥ Plancherel A, 3 v (with VKLS limit shape):

1/2
v = /n! efo(nz/3 log n) Cﬁv _ (Z) 670(n2/3 log n)

Proof ideas: Estimates from the identities

Y = (Z) FRFY, > =1

Akn u-k,vn—k

and skew SYT bounds + properties of VKLS shape for (iii).



Large LR implies large dimensions

Theorem (Pak-Panova-Y)
AFn, w,vkn/2

1/2
C?\ _ n e—O(n/ log n)
i n/2

— A =Vnle O v =./(n/2) eOW



Large LR implies large dimensions

Theorem (Pak-Panova-Y)

AFn, w,vkn/2
1/2
C?\ _ n e—O(n/Iogn)
i n/2

— A=l e O Y = /(n/2)] e O

Proof ideas:
Z(cﬁv)2 = Z chyChsCpyCps  (from skew Cauchy)
A-n o, B,Y,0

¢y < eV max Cop MAX g
«,p o,p

A A A~ a—ung Al
2> i, f* > e ey ) 8"



Max LR with few rows

C(,n):= max c
’ Aen, (A=, v ™Y

Theorem (Pak-Panova-Y.)

n€2/2—a€e—b€2 log ¢ < C(ﬂ, n) < (n+ 1)62/2

Proof uses Knutson-Tao combinatorial interpretations.

Corollary

08 Cltwyn) ~ 5 (¢, logn, &= O(v/n/log n)



Vanishing LR

Theorem (Pak-Panova-Y)
W, vt n/2 Plancherel 3 N (with VKLS limit shape)

A —/nl OWnlogn) & A _

wv

Conjecture. 3 Plancherel A, 1, v

1 /n A
% (E — |0g2 C}L\/) — 00



Containment of max LR

Theorem (Lam-Postnikov-Pylyavskyy (2007))

A A
pr < Cqu,uﬁV
Corollary
VAIucCvCcA
A A
Cov = Max c g

Conjecture.

C)\

W:maﬁxcg‘cyﬁ = p2ovoruCv
&,



Monotinicity & stability of max LR

C(n, k) := max cﬁv C(n) :==maxC(n, k) D(n) = maxf
AFn,ubk,vEn—k k AFn

[ w [1 234506780910 11 12 13 14 15 16 17 18 19 20 21 22 23]

[C 1 11112222 3 3 4 4 5 6 8 9 11 12 18 24 32 35

12 11 1 2 3 3 4 3 3 2 1 1 1

13 11 1 2 3 3 4 4 3 3 2 1 1 1

14 11 1 2 3 3 4 5 4 3 3 3 1 1 1

5|1 1 1 2 3 6 6 5 5 6 6 3 2 1 1 1

6|1 1 1 2 3 6 8 7 6 7 8 6 3 2 1 1 1

171 1 1 2 3 6 8 9 8 8 9 8 6 3 2 1 1 1

181 1 1 2 3 6 8110 91011 8 6 3 2 1 1 1

1901 1 1 2 3 6 8111211 11 121 8 6 3 2 1 1 1

20 |1 1 1 2 3 6 8 11 12 13 18 13 12 11 8 6 3 2 1 1 1

21 | 1 1 1 2 3 6 16 12 14 14 24 24 14 14 12 16 6 3 2 1 1

22 |1 1 1 2 3 6 16 20 15 16 27 32 27 16 15 20 16 6 3 2 1

23 |1 1 1 2 3 616 20 24 19 30 35 35 30 19 24 20 16 6 3 2

(w1 234 5 6 7 8 9 10 11 12 13 14 15 6|

D) |1 1 2 3 6 16 35 90 216 768 2310 7700 21450 69498 292864 1153152 |




Monotinicity & stability of max LR

C(n, k) := Mn’umsﬁ_nik cﬁv C(n) = max C(n, k) D(n)= max A

Theorem (Pak-Panova-Y)
(i) {C(n)} is nondecreasing

(ii) fix k, then {C(n, k)} is bounded and nondecreasing

(iii) stability: for every k and n > (k+1) we have C(n, k) = D(k).

Conjecture. C(n) < 2"2g=aVn



Skew SYT

Theorem (Pak-Panova-Y)

v/ n!/m! e V1< max M < \/nl/ml V"

~ A-n, uFm

Theorem (Pak-Panova-Y)
(i) N\ n, wt m = nO Plancherel, then:

M — v/ nl/m! efo(”y3 log n)

(ii) Suppose
M — v/ nl/(n/2)! e0(n/logn)
then

A =vnl O = /(n/2)! "



Generalizations to other groups

Most bounds/results extend to general finite groups with few
conjugacy classes (our companion paper [PPY2])



Thank you!
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