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Catalan numbers?
Dual filtered graphs
Random walk on Young's lattice

Enumerative formulas but you won’t see them
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Schur operators on Young diagrams A

A= A+ O on i-th column, if possible,
0, otherwise

A — 0 on i-th column, if possible,
di-A=

0, otherwise

=« +HF

non-local commutativity ([a, b] = ab — ba commutator)
luj,ul =0, I[d;,d]=0, [i—jl>2
local Knuth relations
lwitruj, u) =0, lujpruj, uppa] =0 [didit,di] =0, [didit1,ditq] = 0.
conjugate relations

ldj,ul] =0 (i #j), diyiuir1 =uid;, diu =1.



Schur functions from Schur operators

Ax) = (1+xu)(1+xu1) B(x):=(1+xd)(1+ xdp)---

e ABR)AB) =) syl xayee) <A
A

- BO)Blx) A=) syl x,..) 1
n

---(1+u2)(1+u1)-B]:H]+EI+BH+HHZI+@+---+_ -

Alx) - (n) = Z xlhor. strip| | (n+hor. strip), B(x)-(A) = Z xlhor. strip| . (A—hor. strip)

Non-local and local commutation relations for (u;) imply

[Alx), Al)] = 0

Hence s, is (automatically) a symmetric function



Grothendieck-Schur operators [Y. 2017]

R &
|| ||

ui(1 —Bd;) = u; — Bu;d; (B loops added)
(1—Bd)1d; =d; + Bd,-2 + [32d,-3 + -+ (remove while can)
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Grothendieck-Schur operators [Y. 2017]

ui = ui(1—Bd;) = u; — Bu;d; (B loops added)
di = (1—Bd;)td; =d; + Bd? + p2d> +--- (remove while can)

Uz'Bj:EE fBHj 52~EED:EHj > - @:EHS@]HSQE

3 = 0 gives Schur operators u, d

non-local commutativity:  [uj, oj] = [d;, gj} =0, |i—j|>2
local commutativity: (G417, T + Gi+1] =0,  [didiy1,di + djya] =0
conjugate relations: [Ui»gj] =0, |i—jl>2, [U41,d]=0, dio=1.

Generally, relations are more complicated than for Schur operators



Symmetric skew Grothendieck polynomials
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Symmetric skew Grothendieck polynomials

Alx) = (1 +xt) (1 +xth) B(x) = (1 +xdy)(1+xda) - -

ALR)Alx) = Z a2 - A

-+ Blx2)B(x1) - A = Zg;\/u X1y X250 .) - 1
u

A (W= > (= pxPMMVEL ) Bx) - (A) = Y ISV ()

A/ hor. strip nCA

Commutation relations imply
[Alxi), Alx;)] = [B(xi), B(x;)] = 0
Hence G}\// ,g)\/ are symmetric functions

Why G and not G 7 Because G.

B _
1o Gh=1

//?\7&



Symmetric Grothendieck polynomials
{u} give Buch's formula (2002), p = @

- Tsin T_#2'sin T
GE= Y (BTN T e T
TESVT(A)

Set-valued tableaux (SVT):

12[235] 6 \
35]68

T = Gy =+ (—B) IO x X3 X2 x2x3xg + - - -

G, first studied by Fomin-Kirillov (1996)
Gy EA Go=e —fPe+ Ple3—--- G) = sy + higher degree terms

Buch (2002): Gy analog of s in K-theory of Grassmannian Gry(C") of k-planes in
C". Product has finite decomposition + LR rule:

G\Gu =) cx,Gv, r=pz- G
v A



Dual Grothendieck basis

Jgive dual formula of Lam-Pylyavskyy (2007)

A—c(A col's of T with 1 col's of T with 2
o= Y pA »

TERPP(M)

Reverse plane partitions (RPP):

1|2

{gr} inhomogeneous basis of A and g) = s) + lower degree terms

(grn, Gu) =0y &= Zg;\(x)G)\(y] = H(l —x,‘yj)*1 Cauchy identity
A isj
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Skew Cauchy identity
Theorem [Y. 2017]

Z 7\//!1 gA/V(y)in(l_X’yJ IZ V//K u/K(y)

&~ B(y)A(x) = (1 —xy) rA(x)B(y) (comm.relation)

3 = 0 gives Schur case, Fomin's approach (1996).

For Schur was first given by Zelevinsky in Russian translation of Macdonald's book.
Then generalized for many: Schur PQ, Hall-Littlewood, Macdonald, ...

Skew Cauchy identities are important for stochastic models, Schur and Macdonald
processes (works of Borodin, Okounkov). Borodin-Petrov (2016): it became central
and is directly related to Yang-Baxter equation.

Skew Cauchy encapsulates many properties of corresponding symmetric functions and
can be viewed as a generalized RSK.



Applications of skew Cauchy

Skew Pieri rules
Various identities
Dual graphs
Probabilistic models

Enumerative formulas
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Skew Pieri rules

Skew Cauchy (+ some work) gives skew Pieri
Theorem (Y. 2017)

A v v
Gy = D Wil (B) Gy w = BN/ ulv k(b )

A/ hor strip
v/n vert strip

G(lk) Gu//v = Z Wc\)’#(ﬁ) G7\//11 W smth else but not hard

A/ W vert strip
ncv

Corollary. Simple skew Pieri (f = 1):

808y = (W +iV)guv+ D Byv— D B
A=p+0 n=v-—-0

A
GDGu//V = § (71)‘ /MGA//n
A/ 1 rook strip
ncv

Corollary. f = 0 gives Assaf-McNamara's (2011) skew Pieri rule for Schur functions

swsev = ) FY)Y sy,

A/ w hor strip
v /1 vert strip



Applications: Some identities

A

qyi

1
> (=g NgMgl =TT —

A/u hor. strip

1
%GN/“:Hlx;

Recall in contrast classical Schur case:

ZSA/H H H ; n/K

1 — x;x;

cA/v) gIVI—c(A/v) B L
> g™ ! H —

B

v

gt



Applications: a curious identity. Catalan?

1

1
ZG)\/gn:Cathﬁ) dop=(nmyn—1,...,1)
A i

Note: G)\/én not G)\//én



Applications: dual filtered graphs

up:U=u1+up+---

down:5=c71+<72+~'
Skew Cauchy gives:

[D,U]=DU—UD =1
-2
e @ @
@B % @/gﬂm
gl
Q B/"@-‘ﬁ G:Lj
BN D,), -f
¢
- iy
4]

G

Stanley (1988) studied differential posets and Fomin (1997) dual graded graphs

Patrias-Pylyavskyy (2015) introduced dual filtered graphs as a K-theoretic analog

[m] = =



Applications: dual filtered graphs

up: U=ty +ut+---

Skew Cauchy gives:

down:5=—1+(1+671)(1+572)
[D,Ul=DU—-UD=1+D

DA



Random walk on Young lattice

Vershik-Kerov: ¢ is harmonic \ﬁ/ T:P/l/ !
2 i

O = 3 NGO () > 0 ¢ (
A=p+0 \ /
[h
\
dimp(A/p) = Prob p — A after |A/p/ steps. (751
A/ ul—1 1
dimp(A/p) = Z H —————,  i(A\) = # inner corners A.
U=V V1.2V |\ /=N i=0 I(Vi)+1

Theorem (Y 2017) (i) dimp(A/p) is harmonic with

»x(u,A) = 1+, . For [\l = n, dim,(A) is a probability distribution.
(i) Let p: A —> C be a homomorphism (specialization) with

p(gn) = 1. Then @(A) := p(gy) is a harmonic function for same s¢.



That’s it but there is more ...



	Symmetric functions

