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Q. How to generalize integer partitions in higher 
dimensions?



Q. How to generalize integer partitions in higher 
dimensions?

A: Easy











Enumeration and generating functions





1-d review



1-d some refs

Rich combinatorics
Andrews book



2-d review

- Proof uses RSK, Schur functions
- There are many known refinements of this generating function



2-d some refs

Inte
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Arch-enemy?

Not MacMahon
-Partitions can't be done!
Especially by the likes of you
-Sqrt(58639)
-Combinatorics – glorified dice throwing

Not Ramanujan
-Then he better start counting very high
-242,1549090
-I can do p(200)
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Q (or hope): Maybe MacMahon wasn't that wrong?



Q (or hope): Maybe MacMahon wasn't that wrong?

A: Maybe



A 'corrected' version





More generating functions [AY '20]



Proofs via "corner projection" bijection

- Its inverse can be viewed as directed last passage percolation map
- Also related to Stanley's transfer map between poset and order polytopes
- For d = 2 in [Y. 19] with applications coming from dual Grothendieck polynomials



3d Grothendieck polynomials [AY '20]

- Quasisymmetric in x
- Generalize symmetric (2-d) dual Grothendieck polynomials of [Lam-Pylyavskyy '07]
- Determine probability for directed 3d last passage percolation with geom weights [AY '20]
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Asymptotics of MacMahon's numbers



Simulations by physicists
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Problem. Show the same for d =3,4,5,6
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Problem. Show the same for d =3,4,5,6

- Lower bound 
#partitions pyramid
- Upper bound via 
corner-hook vol





Boxed d-dimensional partitions





Partitions inside pyramid



Complementary boxed partitions

Another recent explicit generating function
[F. Schreirer-Aigner 2023]



Connections in some other areas

Algebra, geometry, physics
Commutative algebra, Artinian monomial ideals
Enumerative geometry, Donaldson-Thomas invariants (Euler 
characteristics of Hilbert schemes)
Counting black holes in string theory [Gopakumar-Vafa]



That's it?
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